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The p r o b l e m  of na tu ra l  convection in a turbulent  boundary  l a y e r  at  a wall  with va r i ab le  
t e m p e r a t u r e  (or t h e r m a l  flux) is solved by the in tegra ls  method. 

The equations of a s t e a d y - s t a t e  boundary l a y e r  at  a wall  whose radius  of curva tu re  may  be d i s -  
r e g a r d e d  r e l a t i ve  to the th ickness  of this boundary l a y e r  can be wri t ten as 

1 
uux + vu~ = ~eO + %; 

P 

1 
uOx + vo~ = ~ qy; 

c9 

Ux q- vy = O. 

Here  0 = T - T ~ .  

The  boundary conditions a r e  

y = 0 ;  q = q ~ ( x )  or 0=0~(x) ;  u = o = 0 ;  y = 8 ;  u = 0 ;  0 = 0 .  

F o r  l a m i n a r  flow with 0 w = x  n or  qw = x n  this p r o b l e m  has been analyzed in [3, 4]. F o r  turbulent  
flow this p rob l em has  been analyzed with the assumpt ion  that  0 w = const  [2], qw = eonst  [1, 5], or  qw 
= eonst  and g ~ x [5]. 

In tegra t ing Eq. (1) with r e s p e c t  to y f r o m  0 to 6 yie lds  [2] 

5 5 

d x  , . p 
0 0 

S a uOdy = ! 
d---x pc q~" 

0 

Tw; 

It is a s sumed  h e r e  that  the th icknesses  of the dynamic  and of the t h e r m a l  be tmdary  l a y e r  a r e  of the s ame  
o r d e r  of magnitude,  i .e . ,  that  P r  ~ 1. 

We will s t ipulate  the ve loc i ty  p rof i le  u and the t e m p e r a t u r e  prof i le  0 as follows: 

Y u = u l P l ( ~ ) ;  0 = 0  wP 201); ~ 1 = - - .  

Inse r t ing  (4) into (3), we have 

=~ -~x  (~u~) = %~g80~ % ", P 

(1) 

(2) 

(3) 

(4) 
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d (60,~u) = q~ , (5) 
d x  pc 

w h e r e  

l ! ! 

PtP=dq. (6) 
0 o o 

E q u a t i o n s  (5) can be  s o l v e d  n u m e r i c a l l y  i f  0w(X), qw(x),  rw(X), and the  in i t i a l  v a l u e s  of u t and 6 a r e  known. 
An a n a l y t i c a l  s o l u t i o n  is p o s s i b l e  f o r  s e v e r a l  f o r m s  of the  0w(X) funct ion .  

W e  wi l l  s e e k  the  so lu t ion  to  (5) in t he  f o r m  

/'/1 = /~0 zk ;  5 = 50Z'*; O~ = OoZP; g = g J ,  (7) 

w h e r e  z ~- ( I  + x - x  0) fo r  a b o u n d a r y  l a y e r  wi th  a n o n z e r o  in i t i a l  t h i c k n e s s  o r  z = x fo r  a b o u n d a r y  l a y e r  

wi th  a z e r o  i n i t i a l  t h i c k n e s s .  Then  e x p r e s s i o n s  (5) y i e l d  

a16oUo ~ (m + 2k) z ~n+2~-~ = aJJgo6oOoZ m+p+t "% ; 
P 

In o r d e r  to  c l o s e  s y s t e m  (8), 

(s) 

%6o0oUo (m + k + p) z m+k+p-1 --  qw 
9c 

i t  is n e c e s s a r y  to  add  a r e l a t i o n  fo r  ~w and qw- L e t  us e x p r e s s  T w as  in [2]: 

= , (9) 

wi th  c o e f f i c i e n t  B and exponen t  s d e t e r m i n e d  e x p e r i m e n t a l l y .  In o r d e r  to  f ind t h e  exponen t s  k,  m,  and p,  

i t  is n e c e s s a r y  to  s t i p u l a t e  qw a s  f o l l o w s :  

q~ = qo zz, (10) 

o r  to  use  t he  R e y n o l d s  a n a l o g y  [2] 

Both  me thods  y i e l d  the  s a m e  r e s u l t :  

q~, __ c%, (I1) 
T w  /'/1 

k =  ( l + 2 s ) + ( l + s ) t  + l + s  r; 
3 + 2 s  3 + 2 s  

2 s - - t -  1 2 + 2s 
p --  -t r; (12) 

3 + 2s 3 + 2s 

3 - -  2s ~ ts s 
m~-- -  - -  r .  

3 + 2s 3 + 2s 

W i t h  the  exponen t  r of  the  t h e r m a l  f lux funct ion  known,  one can  f ind the  exponen t s  to, p ,  and m of  func t ions  
ui ,  0w, and 6, r e s p e c t i v e l y .  If the  0 w funct ion  is g iven ,  then  Eqs .  (12) can  b e  r e w r i t t e n  in t e r m s  of  p in -  
s t e a d .  

W e  wi l l  w r i t e  (11) a s  in [2]: 

fiw . . . .  x ~ .  O~ = BPr  
9c p u 1 

and  then  i n s e r t  (9) and  (13) into s y s t e m  (8) s o  t h a t  f o r  z = 1 we ob ta in  

alc@ou2o = a~[~g0600 ~ , ~ e . . . . .  D V  UO O0 ; 

2 

%%6oU0 = B Pr a vs~-~ uIo-~ . 

2 

3 v~u~-~ 6;-~0o zp-k  . . . .  +~ (13) 

(14) 

H e r e a 4  = m + 2 k a n d ~ s  = m  + k + p .  
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If  the solut ion to Eq. (5) is sought  in the f o r m  

ux = Uo exp (kz); 6 = 6 0 exp (mz); 0 w = 0 o exp (pz); 

g = go exp (tz); qw = qo exp (rz), 

then we obtain f o r m @ a s  ana logous  to (12); 

(is) 

k----- l J - s  l + s  
3 + 2s 3 + 2s 

2 + 2 s  t 
p = - - r ~ - -  

3 + 2s 3 + 2s 

~ sr st 

3 + 2 s  3 + 2 s  

t; 

(16) 

In this  c a s e ,  fo r  d e t e r m i n i n g  60, u0, 0o, and % we have a s y s t e m  which  b e c o m e s  ident ica l  to  (14) at  z = 0. 

Solving s y s t e m  (14), we find 60, N ,  and q0 as  funct ions  of  00: 

6 o a~ Pr 3+s~ _~+2---7 (1 % Pr -g = (Gr)z= , + ; 

1 2 1 

'1 Uo--a3v(Qr) /=l[  + a ~ P r 3 )  2 ; (17) 

1 -l-3s 1 2 - -1  

.- .2+2~ (1 a2Pr 3 )~+2~ qo = a4 ~ PrS+a~ (ur&=! + 

w h e r e  the  cons tan t  coef f ic ien t s  a l ,  a2, a3, and a 4 a r e  

a l =  % ( m + k + p )  , % 

% (m + k + p )  . 
~2  = 

~i (m + 2k) 
! 

a~ = / ~1 (m+ ~ ) ) - v ;  

a4-----BI+-~ 1 ~ al ._: - - -  
% (m + k + p) , % ] 

1 
2+2s  

(i8) 

If  the t h e r m a l  flux q0 is given ,  then we obtain  analogous  f o r m u l a s :  

S 2 S 

~-2 G-*' s~-~ (1 + a~ 6o = Cl P.r a+2, ( �9 ~=1 Pr5 ) a-l=2~ " 

l + 3 s  l + s  2 i + s  

Uo = c2Pr a(s+2s)v(Gr*) a+2s (1-F a2Pr a ) s+2~; 

2--t-6s 1 2 1 

0o = Cs Pr s(s+2~) q,~ (Gr,)~=~+2s (1 + a 2 Pr a ) a+2~ 

(19) 

The constants  ct,  %, and c 3 are  

c 1 = B s+~" r (m + 2k) 3+2~ 1 s-~ 
\ ~ % (m + k + p) 

c ~ = B  3+2~ % ( m + 2 k )  l+~ 
\ ~2 % (m + k + p) ' 

2s 

c s = B  s-V2~ o~t(m+ ) + 
�9 % % (m + k + p) 

(20) 

The  h e a t - t r a n s f e r  coe f f i c i en t  is def ined as  fo l lows:  

~ ' q " ;  N U ~ = - - .  

486 



If  the  wa l l  t e m p e r a t u r e  0 w is g i v e n ,  then  we  ob ta in  
l + 3 s  1 

Nuz = a4 Pr 3+2s ~+2s (Gr)~=, (1 ,-i- 
2 --1 

a 2 Pr a ) 2+2~ 07i z,--~+i. (21) 

If  the  t h e r m a l  f lux a t  t he  wa l l  qw is  g i v e n ,  then  we ob t a in  

~2-~-6s 1 2 - - I  

Nu Z = c; -1 Pr 9+G, ~-2 (Gr,)~+ 2s (1 -~- a~ Pr ~ ) 3+2s z,--p+1 (22) 

L e t  us now c o n s i d e r  s p e c i f i c  c a s e s .  The  p r o f i l e s  of  v e l o c i t y  and t e m p e r a t u r e  in a t u r b u l e n t  b o u n d -  
a r y  l a y e r  a r e  u s u a l l y  de f ined  in the  f o r m .  

P~ = ~ (I - -  ~)~; p~ = 1 - -  n ~. (23) 

The  v a l u e s  a = i/7 and/3 = 4 g iven  in [2] a g r e e  c l o s e l y  wi th  the  e x p e r i m e n t  w h e r e  0 w = e o n s t .  The  v a l u e s  
= i / I 0 ,  fi = 4, and y = 1 / 1 0  g iven  in [7] have  been  ob t a ined  e x p e r i m e n t a l l y  wi th  qw = c o a s t .  Depend ing  

on the  v a l u e  a s s u m e d  for  c~, one ob t a in s  d i f f e r e n t  va lue s  fo r  s in t he  B la s i t t s  f o r m u l a  [2]. 

2a 
s = 1 +---~" (24) 

If g = c o n s t  (t = 0), 0 w = e o n s t  (p = 0), B = 0.0225,  ~ = s  ~ = 4 ,  7 = 1 / 7 ,  and s = 1 / 4 ,  then  

7 1 1 
m = -i-0-; k = -~;  r = -g-. (25) 

The  s o l u t i o n  (17) wi th  (25) is  o b v i o u s l y  i d e n t i c a l  to tha t  in [2] fo r  a c o n s t a n t  wa l l  t e m p e r a t u r e .  

If g = c o a s t  (t = 0), qw = c o n s t  ( r  = 0), 13 = 0.0225, a = 1 / 7 ,  fl = 4, 7 = 1 / 7 ,  and  s = 1 / 4 ,  then 

5 1 
m = ~ - ;  7 '  P = - - ~ - "  (26) 

T h e  s o l u t i o n  (19) wi th  (26) is  o b v i o u s l y  i d e n t i c a l  to  tha t  In [1] fo r  a c o n s t a n t  t h e r m a l  f lux.  If  g ~ x 
and  qw = c o a s t ,  then  (12) and (19) y i e l d  the  s o l u t i o n  g iven  in [5]. 

I t  fo l lows  f r o m  (12) tha t  p --- 0 i f  

1 + t - - 2 s  
r > (27) 

2 + 2 s  

If  cond i t ion  (27) is  not  s a t i s f i e d ,  then 0 w ~ ~ a t  x ~ 0 and,  t h e r e f o r e ,  such  s o l u t i o n s  a p p l y  to a b o u n d a r y  
l a y e r  wi th  a p o s i t i v e  in i t i a l  t h i c k n e s s .  A f t e r  c o m p a r i n g  th i s  so lu t i on  wi th  the  t e s t  r e s u l t s  in [6, 7] fo r  0 w 
= cons t  and qw = c o a s t ,  one m a y  conc lude  tha t  t h e y  a g r e e  when 

Ra > 1013 at (}w = coast; 

Ra* > 101~ at qw = coast, (28) 

w h e r e  R a  = G r  P r ;  R a *  = G r *  P r .  Such v a l u e s  of  the  R a y l e i g h  n u m b e r  c o r r e s p o n d  to a fu l ly  d e v e l o p e d  t u r -  
b u l e n t  f low mode .  

O b v i o u s l y ,  fo r  l o w e r  v a l u e s  of  the  R a y l e i g h  n u m b e r  the  p r o c e d u r e  can be m o d i f i e d ,  and  fo r  a s m a l l  
x one m u s t  a p p l y  s o l u t i o n s  wh ich  have  been  ob t a ined  fo r  l a m i n a r  f low,  wi th  th i s  p r o c e d u r e  then e x t e n d e d  
b e y o n d  a c e r t a i n  po in t  w h e r e  (28) is  t r u e  a c c o r d i n g  to  t he  so lu t i on  fo r  a t u r b u l e n t  b o u n d a r y  l a y e r  of a n o n -  
z e r o  in i t i a l  t h i c k n e s s .  The  s t r u c t u r e  of o u r  so lu t ion  h e r e  i n d i c a t e s  t ha t  f o r m u l a s  (12) a r e  b a s e d  on the  
a s s u m p t i o n  of  (7), (9), and (11) o r  (7), (9), and (10) be ing  va l id .  If  t h e r e  e x i s t s  a s o l u t i o n  in a p o w e r  o r  
e x p o n e n t i a l  f o r m ,  t h e r e f o r e ,  then  a s u f f i c i e n t  cond i t ion  for  t he  f e a s i b i l i t y  of  c l o s i n g  s y s t e m  (5) and  o b -  
t a i n i n g  the  v a l u e s  of  c o e f f i c i e n t s  u0, 50, and 60(q0) in (7) is  t ha t  the  R e y n o l d s  r e l a t i o n  (11) hold t r u e  for  a t  
l e a s t  one po in t .  The  so lu t i on  o b t a i n e d  h e r e  ~s a l s o  a p p l i c a b l e  to v a l u e s  of  the  R a y l e i g h  n u m b e r  be low t h e s e  
s t i p u l a t e d  in (28) but ,  in o r d e r  tha t  i t  a g r e e  wi th  e x p e r i m e n t s ,  p a r a m e t e r s  s and  B in the  B l a s i u s  f o r m u l a  
(9) m u s t  b e  d e t e r m i n e d  a c c o r d i n g  to  the  p r o c e d u r e  in [8]. 

An a n a l o g o u s  s o l u t i o n  can be ob t a ined  fo r  a b o u n d a r y  l a y e r  wi th  compound  convec t i on .  
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x , y  
U, V 

O 
e 

Ow 
qw 
T W 
g 

Pr 
Gr 
Ra 
Nu 

lo 
2. 

3. 
4. 
5. 
6. 
7. 
8. 
9. 

NOTATION 

are the coordinates referred to the generatrix of the body surface; 
are the velocity components along x and y, respectively; 
Ls the density; 
is the specific heat at constant pressure; 
is the kinematic viscosity; 
is the temperature at the wall; 
is the thermal flux at the wall; 
is the friction stress at the wall; 
is the acceleration of gravity; 
is the thermal expansivity; 
is the Prandtl number; 
is the Grashof number; 
is the Rayleigh number; 
is the Nusselt number. 
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